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ABSTRACT: In this paper, we present an extension of Strahler num-
bers to rooted plane trees. Several asymptotic properties are proved; others are
conjectured. We also describe several applications of this extension.

1 Introduction

The Strahler number of binary trees was introduced by the hydrogeologist Hor-
ton [11], then refined by Strahler [19] and rediscovered in computer science by
Ershov [6] who interpreted it as the minimum number of registers allowing the
computation of an arithmetic expression. Numerous results have been obtained
from which one can point out explicit expressions for their distribution [§], [12].
In enumerative combinatorics, the research mostly involves bijections mapping
Strahler numbers to other known statistics on other types of objects in order
to understand their generating series : between binary trees and Dyck paths by
Frangon [10], between binary trees and forests of plane trees by Zeilberger [25] and
more recently between forests of plane trees and Dyck paths by Viennot [23]. The
common construction among these results is to redefine the Strahler number as a
pruning number on rooted plane trees.

A natural question arises, is there a natural definition of Strahler numbers for
rooted plane trees that extends Ershov’s interpretation [6]? This paper proposes
such an extension and describes some related properties. This extension is different
from the one described and studied on general tries by Nebel [16] or Bourdon et
al. [5].

Apart from biology and hydrogeology fields, Strahler numbers have been used
in computer graphics to give synthetic images of trees and landscapes (see Viennot,
Eyrolles, Janey and Arques [22]), in Physics by Vannimenus and Viennot [20].
A survey paper can be found in [21]. Thus, Strahler numbers have been proved
efficient in many fields. It is natural to apply them to information visualisation
systems that deal with trees and graphs. Here, we present two applications of our
definition : navigation [2] and research of "quasi-similar" subtrees [4].

After some definitions, we prove that the computation of these Strahler num-
bers for all vertices of a tree of size n can be performed in O(n) time and space.
Then we prove that the branching ratio r; (to be defined later) of any simply gen-
erated family of trees with finite degree (in the sense of Meir and Moon [14, 13],
tends to 4; for binary trees, it was known [18, 15| that r, = 4 for all k. We end
with a brief description of applications to information visualization systems.

2 Definitions and notations

A tree is a connected acyclic graph. A rooted tree is defined from a tree by choosing
a vertex called the root; edges are oriented such that there exists a path from the
root to each vertex of the tree. A vertex with no outgoing edge is called a leaf,
other vertices are called internal vertices. A successor of a vertex is called a child
of this vertex. The degree (or arity) of a vertex is the number of its children. In



this paper, we consider rooted plane trees, i.e. rooted trees where a total order is
imposed on the children of each vertex.

Let D be a set of nonnegative integers containing 0. We consider the set of
simply generated trees, 7p, in the sense of Meir and Moor [14, 13] : each vertex
of a tree has its arity in D. In this setting, d-ary trees correspond to D = {0, d};
d = 2 for binary trees.

The Strahler number o, was first introduced on binary trees in some work
about the morphological structure of rivers [11, 19]. The recursive definition asso-
ciates an integer value to each vertex of a binary tree. These values give quantita-
tive information about the complexity of each sub-tree of the original tree. Let s
be a vertex of a tree :

o If s is a leaf then oy(s) =1,

e Else s has two children s; and s, and

) = {max(ob(sl),ab(SQ)) if op(s1) # op(s2)

ob(s) = op(s1) + 1 otherwise

The Strahler number of a tree is the integer value associated to its root. If 7' is a
tree, o,(1") will denote the Strahler number of T'.

Definition 2.1 Let T be a tree whose vertices are valued by Strahler numbers. A
branch of Strahler order k is a mazimal path (so,s1,...,Sp) in T, such that for
each i € [0..n] ,0p(s;) = k.

We denote by 5i(T'), the total number of branches in T' of Strahler order k.

Theorem 2.2 [18, 15] Let By, ,, be the total number of branches of Strahler order
k in the set of binary trees with size 2n + 1, then

B n
r, = lim (L> = 4.
n—+00 Bk+17n

This ratio is called the branching ratio of binary trees. Horton has shown [11] that
for real rivers this ratio is between 3 and 5. A generalization of Strahler numbers to
rooted trees is suggested by the nice interpretation by Ershov [6] who proved that
the Strahler number of the root of a binary tree is exactly the minimal number of
registers needed to compute an arithmetic expression given by the tree (output by
the syntactical analysis). Thus, one can define the Strahler number o on general
trees by:

e if s is aleaf then o(s) = 1;

e otherwise s has k+1 children s; such that o(s;) < o(s;),if ¢ < j (i.e. children
are reordered for the Strahler computation) and

o(s) = Oréliagxk(a(si) +1).
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Figure 1: Strahler number on one vertex. Figure 2: Construction of trees of G ;.

Equivalently, without requiring the children to be reordered, we have
o(s)=max{i+j:#{l:0(s0) >i} > j}.

See an example in Figure 1. As for binary trees, the Strahler number of a tree
is the Strahler number of its root. Note that on the set of binary trees, 7 2}, o and
oy coincide. The definition of the branching ratio according to the generalization
stays unchanged. We conjecture that a weaker (asymptotic) version of Theorem 2.2
holds for any family 7p, and prove it for finite D. Note that if an internal vertex
has a Strahler value s then it has at most s children.

3 Complexity of Strahler number computation

Strahler numbers are useful in information visualization as we will show in Sec-
tion 6. In this field, the effective size of the trees is large : 500000 vertices is
average. Thus, the algorithms that compute Strahler numbers must be efficient.
In this section we describe a linear time algorithem, and prove that the nodes of
any tree can be sorted according to their Strahler numbers in linear time; this is
useful for the kind of applications we describe in Section 6.

3.1 Computing the Strahler valuation in linear time

To compute the Strahler number of a node, one has to sort its children in ascend-
ing or descending order of their own Strahler numbers. This sorting requirement,
together with the a priori possibility that some nodes can have a large number of
children, make it non obvious that a linear time algorithm exists to compute the
Strahler valuation on a tree.

The key to our algorithm is the following observation : if each node of the
tree is informed of the Strahler numbers of its children in increasing order, it only
needs two counters to compute its own Strahler number; also, if the tree has N
nodes, its Strahler number cannot be larger than N.

Thus, we setup an array S of size N; the k-th cell of the array will contain a
list of vertices with Strahler number &, before their Strahler number is transmitted
to their father. Initially, the first list contains all the leaves of the tree. Then, until
all lists are empty, a vertex is extracted from the first nonempty list, and its



Strahler number is transmitted to its father; if the father now knows the Strahler
numbers of all its children, its Strahler number is then computed, and it is inserted
in the appropriate list.

Each node in the tree is examined a bounded number of times overall, so that
the total complexity of the algorithm is O (V).

3.2 The set of Strahler values of a tree

In some of the applications described in Section 6, one may have to select a subtree
of a given tree, for which the Strahler valuation has already been computed, and
sort its nodes according to their Strahler numbers. Thus, it is interesting to know
that this sorting of N nodes can be performed in ©(N) time. This will be a
consequence of the following lemma, which, incidentally, is the best counterpart
to the property of Strahler numbers on binary trees stating that a (binary) tree
with Strahler number &k must have at least 2¥ — 1 vertices.

Lemma 3.1 Let T be a tree and E(T) denote the set of Strahler values of vertices

inT. Then
> k<IT) (1)
kEE(T)

Proof. We prove the lemma by induction on the depth of trees. If 7" has depth 1,
then its root has some number & of children, and Strahler number k. Thus equality
occurs in (1), unless k = 1, in which case the inequality is strict.

Now assume (1) holds for all trees with depth at least h, and consider a tree
T with depth h 4 1. Assume the root of T" has p children, which are the roots of
subtrees T4, ..., T, (with decreasing Strahler values). If o(T') = o(71), then there
is nothing to prove since F(T) = UE(T;). Thus, we assume o(T) = k > o(T1). By
the recursive definition of the Strahler numbers, this ensures there is some integer
1, 2 <4 < p, such that o(7y) > k — i + 1. Thus, we have

k—1 2i(7(ja) Ef ...Ef U(]}) Ei k—i 4‘17

so that at least two of the subtrees T}, j < i, have the same Strahler value k' >
k —p+ 1. Also, the value 1 must certainly appear in each of the sets FE(T}), since
all leaves have Strahler value 1.

e if ¥/ > 1, then we have > > Ik +p—-1+ > I which, by

1<i<p leE(T;) le U ET@)
1<i<p

induction, proves that inequality in (1) is strict,
e if ¥/ =1, then k = p, and we have > > I1>1+ > [ which also

1<i<ple E(Ty) leU; E(Ty)
proves (1) by induction.

O
From this lemma and the fact that any set of k positive integers has a sum

at least (k;rl), we deduce :

Corollary 3.2 Let T be a tree then |E(T)| < /2|T.



A bijective proof of this result can be found in [1]. The number of different
values of Strahler numbers in a given tree T has a sub-linear upper bound, and
these values are in [1, N|. Thus the complexity of sorting all nodes becomes linear
(say, by using a table similar to the one we described for the Strahler computation,
while simultaneously maintaining a balanced tree of the values appearing; each
value will have to be inserted only once in this tree, resulting in a total complexity

of O(v/Nlog N) for creating and maintaining it), and we have

Theorem 3.3 The nodes of any tree of size N, can be sorted according to their
Strahler numbers in O(N) time and space.

4 Branching ratios for binary trees

In this section, we prove a weaker (asymptotic) version of Theorem 2.2 [18, 15] so
as to demonstrate the method that we use for more general families. Because D is
fixed, we will omit it in all the formulas. We define the following sets :

Sp={teTp:ot)=k}Lr={t€Tp:0(t) <k}, Gr={t€Tp:o(t) >k}

Note that §j is identically 0 on L, and identically 1 on S. Next, consider
the generating functions

F(x) = Z x‘t|7Sk(x,y) =y Z x‘t|7Lk(x) = Z x‘t‘7Gk(x,y) = Z RO gl

teTp teS) teLy, tEG)

Thus, the variable x always counts size, while y corresponds to the number of
segments of Strahler value k. Throughout the rest of this paper, whenever we have
a bivariate generating function F'(z,y), F(x) denotes the corresponding univariate
generating function F(z,1).

The method consists in the following steps.

e Write out an equation for G (z, y);

(2,1) = 33 Bu(t)al;

tEGk

e consider the derivative of G (z, y) with respect to y, BBC; L

e find an asymptotic expression for 88?/ k(x, 1), allowing us to derive asymptotic

expressions of the form By, ,, = cen~Y2p(1 + o(1));
e compute the branching ratio as ¢k /cg41-

In what follows, we will omit the = and y variables in the series as soon as there
is no ambiguity. Let us now see what happens on the set of binary trees. In this
case, D = {0,2}. In the first step, write out the equation.

G = $(2Lk_1Gk + 251G + S;% +25.Gr + Gz) (2)

Each monomial in the right-hand part of (2) corresponds to one of the possible
configurations of Strahler values for the two children of a node of Strahler value
higher than k (see figure 2). In a second step, we replace Si(z) by ySk(z) to
account for the number of segments of Strahler value k, and differentiate to get

0Gk, . 22 (Gra(z,1) — Gi(z, 1)
By &= 1—2F(x) ' @




The series F'(x) is an algebraic series (this is the well-known Catalan series)
with square root type dominant singularities, and each Si(x) and L (z), as a
rational series, has only poles as singularities. This implies that the radius of
convergence of F' is strictly less than that of each Ly or Lg, and, in turn, that
Gi(z) = F(x) — Li+1(x) has the same singularity structure as F'(z). Furthermore,
the denominator in (3) vanishes at the singularities, while the numerator takes a
finite, nonzero value.

As a result, the singularities of Gy /0y(x, 1) are of the inverse square root
type, so that the coefficients By, ,, have an asymptotic of the form

B = cin”24™(1 + 0(1)),

where c;, is proportional to (Gj_1(1/4,1) — Gx(1/4,1))2.
Step 4 consists in proving that limg_,o ck—1/cx = 4; this is straightforward
once one notices that (2) can be rewritten as

Gk(l’, 1) —9 Sk(l’, 1) - Gk(l’, 1)

Gra(x, 1) 7 1-22F(z)

from where elementary singularity analysis entails that the ratio converges to 1/2
as z goes to +1/2.

5 Branching ratio for trees of 7, with finite D

In this section, we assume that D is any finite set of integers that contains 0 and
at least one integer larger than 1. The family of trees we are interested in is the
set 7p of plane rooted trees where the arity of each node lies in D.

Due to space constraints, we only sketch the proofs; the method is very similar
to what was used in the previous section.

The generating function for all trees in 7p thus satisfies the polynomial equa-

tion
F(z) =) F(x)* = 2®p(F(z)). (4)
deD

It is a classical result [7, 9] that this series converges as an analytic function
inside the complex disc |z| < pp, where pp = 7/®p(7) and 7 is the unique positive
real solution to the equation ®p(7) = 2®,(7). Furthermore, F(z) has a single!
dominant singularity of the square root type at pp, and this translates into an
asymptotic expression a, ~ C.p~"n~3/2 for the number of D-trees of size n.

For each integer k > 1, 7p can be partitioned into 3 sets Sk, Gk, Lr with
respective generating functions Si(z), Gi(z) and Li(z). Similarly to the binary
situation, S; and Ly are both rational power series, so that their poles must all
have moduli strictly larger than pp. Thus, each Gi has a square root singularity
at pp, with the same amplitude as F. This can be interpreted as meaning that,
for finite k, almost all large trees have Strahler number more than k.

1n fact, there is a singularity at each complex value of the form pp.e2%%7/d’ where d’ is the
greatest common divisor of elements of D; when d’ > 1, the series F'(z)/z is invariant upon the
change of variable z — eriW/d,, and D-trees always have a size of the form d’'k + 1 for some
k. The proofs in this paper assume that d’ = 1, so as to make notations easier; they can be
extended to the general case easily.



5.1 Generating functions for trees of high Strahler value

Our goal in this paragraph is to write an equation for G (x). If a vertex in a tree
has d children, then, if we only want to discriminate its Strahler number so as to
be able to decide whether it is strictly larger than some value k, we only need to
discriminate whether the Strahler value of each child is larger than k, or one of
the values between k —d+ 2 and k, or smaller than k£ — d+ 2; all values lower than
k — d+ 2 are equivalent in this regard, because even d children each with Strahler
value k£ —d + 1 will only result in a Strahler value k for the root node. This means
that the generating function for all trees where the root has exactly d children
and Strahler value larger than k, can be expressed as x times a polynomial Qg4 in
the variables Gy, Sk, ..., Sk—d+2, Lk—d+2. This polynomial Q4 can be obtained by
expanding (formally) the expression (G + Sk + -+ + Sk_ds2 + Lr_q12)? into a
sum of monomials, and, in the resulting sum, selecting only those monomials that
lead to a Strahler number strictly over k.

By performing the global change of variables S; = G;_1 —G;, L; = F — G;_1,
we can also express Qg as a polynomial P, in the variables Gy, ..., Gy—g4t1, F;
this will later yield somewhat simpler equations. Note that, contrary to Qg, Py
has negative coefficients. Once this is done, summing over all possible degrees for
the root of a D-tree yields the following equation for the series G (z) :

Gr(x) =2 Y Pa(F(x),Gi(x),...,Grar1(z)) (5)

deD

(with the provision that G;(z) = F(x) whenever i < 0)

Our main tool is a recurrence relation between the polynomials P, them-
selves, which enables us to obtain asymptotic results on the branching ratios of
any simply generated family of trees with a finite set of degrees allowed. We con-
jecture that similar results should hold for infinite sets of degrees (or at least a
wide class of them), but were not able to prove them.

To avoid confusion between the generating functions F'(x), Gi(x), Sk(x) and
Li(z) and the variables of polynomials Q4 and P;, we will use lowercase letters
for the latter, and write

Qd = Qd(g, S50 - - -7Sd—25€)alpd = Pd(f7 go, - - - 7gd—1)

We have :
Ql(gag) =g, Q2(97807‘€) = (g + 80)2 + 2967

or, equivalently,
P1(f,90) = 90, P2(f> 90, 91) = G5 — 29091 + 290.f,

For the first values of d, we obtained P, through a computer algebra system. These
suggest a recurrence for polynomials :

Lemma 5.1 For any d > 2,

f
Pd(fag()a"'agd—l) :gg—l +d/ Pd—l(t7gO7---,gd—2)dt (6)

gd—1

and, equivalently,

Sq—2+L
Qd(gv S0y« Sd—Qaé) = (g+50+ ' '+8d_2)d+d/ Qd—l(g? 80, - .- 7Sd—3;t)dt
Sd—2
(7



Proof. We prove (7); (6) is equivalent under the previously mentioned change of
variables. Recall that Qg is the enumeration polynomial for the ways a tree with
Strahler value higher than k can be constructed with a root and d subtrees whose
Strahler values are higher than k& (counted by the variable g), or any value between
k (counted by sp) and k —d+2 (counted by s4_2), or lower than k —d+2 (counted
by /).

Now consider the set £y of words of length d over the alphabet {g,k, k —
1,...,k—d+2,¢} (where g stands for “higher than &”, and ¢ stands for “lower than
k —d+ 2”), that, if they are interpreted as the sequence of Strahler values for the
d children of a node, result in this node having Strahler value higher than k. Q4
is none other than the commutative image of £4 when each letter k£ — ¢ is mapped
to the variable s;. What we need to do is provide a description of L4 in terms of
L4-1 that, under commutation, can be interpreted as (7).

First, note that all words of length d where ¢ does not appear, belong to L :
having d children, each with Strahler value at least k —d+ 2, is enough for a vertex
to have Strahler value at least k + 1. This justifies the term (g + so + - - + s4_2)¢
in (7), and we now turn to words in £, where the letter ¢ appears.

Consider a word w € L4, with j + 1 total occurrences of £ or k — d + 2
(j > 0), and the (multi-)set of j + 1 words of length d — 1 obtained by first
replacing each k — d 4+ 2 with an ¢, then removing one of the ¢. It is easy to see
that each of these words belongs to £;_1. Inversely, for any word w’ € L4_1 with
j occurrences of £, the (multi-)set of d(27 — 1) words obtained by first inserting an
additional ¢ in any of d positions in w’, then replacing each ¢ with either itself or
k—d+2 — but leaving at least one occurrence of ¢, since words in £4 without ¢ are
already accounted for — will produce only words of £, each word with j + 1 total
occurrences of k—d+2 or ¢ being obtained j+1 times. Letting all letters commute,
and summing over all words of £4_1, we see that each monomial M/ in Qg_;
becomes 45 M ((£+sq4-2)7 " — s771) in Qg, which is exactly symbolic integration
with respect to ¢ on the interval [sq_2, Sq—2 + ¢]. Summing all contributions, we
get (7). O

The following corollary is an easy consequence of the previous lemma and of
the expressions for the first polynomials P; and Qg :

Corollary 5.2 For any d > 1,

09 _
8—911(9750,--.,8,1,2,8) :d.(g+so+---+sd,2+€)d ! (8)

Furthermore, Py is homogenous of degree d in its variables, and has d —1 in
f and degree 1 in go. Thus, Py = goDg + Ny, where

f
Na(fogy--9a-1) = g4, +d Na—1(t, g1, ga—2)dt 9)
9d—1
f
Da(f g1, ,94—1) = d/ Da_1(t,g1,...,9a—2)dt (10)
gd—1
d
Ny = ()t o) (1)
Dy = df*'—dd-1)gf"?+0(f7) (12)



In light of this, (5) solves to

x ZdeD Nd(F(l‘), Gk_l(l’), e 7Gk—d+1($))
1- deeD Dy(F(z),Gr—1(x),...,Gr_qr1(x))

Gr(z) = (13)

Notice that the leading terms (in powers of F'(z)) in the denominator of (13)
exactly cancel the term of 1 when = = pp, since

x Z dF(z)¥ ' =1

deD

is exactly the equation for the singularities of F. Also, note that (from (11-12)
the remaining leading terms (in powers of F(z)) in the numerator and denomi-
nator are in a ratio that is exactly Gx_1(z). Since, for any x, all variables of the
polynomials Ny and D, tend to 0 as k tends to +oo, this suggests that the ratio
Gr(pp)/Gr—-1(pp) converges to 1/2 as k goes to +oc. In fact, the only ingredient
missing to complete the proof is to justify using the powers of the various Gy_;
variables to select the dominant terms in (13). This is the reason for the following
lemma.

Lemma 5.3 Let D be a finite set of allowed degrees, 0 € D, D ¢ {0,1}, and let
d' = max D. Then, for any k > 1,

Gi1(pp) 2 Grlpp) = Gro1(pp) (149

Proof. (sketch) The first part is an obvious consequence of the fact that Gj,_; sums
over more trees than G ; the second part is proved by defining £; = —Dg+ df 1,
and using (6) to prove, by induction on d, that

1
Na(f,91.---,94-1) = Egd—lgd(fa gi,---,9d—1) =0 (15)

holds as soon as 0 < g1 < --- < gg—1 < f. The lemma, is then proved by a convex
combination of (15), observing that

> aepNa(F(pp),Gr-1(pp), - -, Gr—a+1(pD))
>aep a(F(pp), Gk-1(pp); - -, Gr—a+1(pp))

Gr(pp) =

O

Corollary 5.4 For any finite D, let i, (respectively, o) denote the singular value
of G: = Gilpp) (respectively, o, = Sy(pp)). Then,

: Tk 1 .. o . Ok 1
lim = = —
k—o00 YE_1 2" k—oo Yk k—oo Ok_—1 2

5.2 The branching ratio

We now turn to the task of evaluating the branching ratio for the Strahler numbers;
that is, we must compare the total numbers, in D-trees of size n, of branches of
Strahler order k£ and k — 1. Let r; denote the limit, as n tends to infinity, of this



ratio By n/Br+1,n- We will prove that 7 tends to 4 as k tends to infinity — a
somewhat weaker result than the previously known fact (for binary trees) that
rr = 4. To do this, we consider the bivariate generating function

Fy(z,y) = Y alfly®.
TeTp

Clearly, Fi(z,1) = F(z). Using standard generating function manipulations and
notations, the total number of branches of order k in D-trees of size n is exactly

[x”]%<x, ).

We have Fy(z,y) = Li(z) +ySk(x) + Gk(x, y). Using the notations of the previous
paragraph,

Gr(z,y) = > Qu(Gr(w,y),ySk(x), Sk-1(2), ..., Sk—aya(x), Li—asa(x)). (16)
deD

Note that (16) proves that Gy (x,y), and by extension F(z,y), are algebraic series
in their two variables, since the various S; and L; series are all rational. If we
differentiate (16) with respect to y and set y = 1, we get an equation which we
can immediately solve for I'y(z) = 0F)/0y(x,1) :

Y gep F22(Gr(x,1), Sk(2), - .., S—ara(®), Li—aya(x))
-z ZdGD aa—ggd(Gk(ma 1)7 Sk(ﬂ?), SRR Sk_d.t,_Q(ﬂ?), Lk_d+2(33))

Ti(x) = Sk(x) (17)

The denominator in (17) is exactly 1 — 2 Y, p dF(2)¢"! = F(2)/(zF'(z)).
Since this vanishes at the dominant singularity x = pp, and the numerator in
(17) has a finite, nonzero limit, using a transfer lemma [7, 9], we get the following
estimates :

e By ~ bepp"n~ /2 for some positive constant by;

e the branching ratio for branches of Strahler number & is

b ok ngD%—%Dd(')/kaakan'70k7d+2aLk7d+2(PD))
b1 Ok1 Y 4ep %—%Dd(’)/k+1;0k+lv ooy Ok—d+3, Lk—a+3(pD))

The first factor tends to 2 by Corollary 5.4. In the second factor, the variables
of the polynomial in the numerator and denominator are in an asymtotic factor of 2
(also by Corollary 5.4), and tend to 0 as k tends to infinity, except the last variable
L;(pp) which tends to F(pp). Since all involved polynomials are homogenous with
a nonzero term of degree 1 in the variable ¢, the whole second factor also tends to
2 as k tends to infinity.

Theorem 5.5 The branching ratio of trees of any family of finite degree D is
asymptotically 4.

10



Figure 3: Display without Strahler Figure 4: Strahler-guided display

6 Applications to information visualization

Originally, Strahler numbers were designed to highlight river shapes. The exten-
sion that we have given is in the same spirit : highlightening information from tree
structures. We show here two results. One concerns navigation tools [2] and, the
other file system retrieval [4]. When one visualizes large trees on a screen, display-
ing the elements (vertices and edges) can take more than fifty milliseconds (dp). In
order to have a high performance visualization system, one needs to accept events
coming from the user (mouse movements, keyboard actions) within dy. In order
to increase performance, the method proposed by Wills [24] consists in predicting
the number of elements that can be displayed during &y. Thus the system incre-
mentally displays the tree (by parts associated to dp) and ensures that the time
reaction of the system is less than §y without any request to the clock.

The problem now is to select the best elements to display so that the user
should not be lost in his data. In our method, we propose to display the elements
in decreasing Strahler order of the vertices. The figures show the result for 520000
vertices : Figure 3 shows what happens when smart choice is done, and Figure 4
shows the result when applying our method.

An other field of interest is to find similar structures in an information sys-
tem. Similar here means not the same but quite the same : the user may choose a
"degree of similarity". One real question assigned at the Infovis’03 contest [4] was
on file systems (that are trees) : given two views S; and Sy of a same file system
taken at two different times, show to the user what parts have changed. Work
has already been done based on arity by Zemlyachenko [26] and more recently by
Dinitz et al. [17]. Their algorithm gives a partition of subtrees into isomorphism
equivalence classes. It is proved to be linear. However, it only detects isomorphism
and does not provide a measure of similarity for subtrees. In a recent work [4], we
used a combination of three parameters (number of vertices, arity, Strahler num-
ber) in order to detect quasi-isomorphic subtrees. The Figure 5 shows the trees
representing the same file system at two different times (S; and S). Each tree has
about 80000 vertices. S; and S5 look similar. Thus roughly, with the "isomorphism
level" chosen in this view by the user, he can consider that no big changes have
occurred during the chosen time. Applying our algorithm recursively, we detect
subtrees that are different. One can see in the figure 6 that some smooth changes
have occured on the labels even if the drawing of the tree is the same. This is
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Figure 7: A final zoom on both file systems

due to the navigation tool that we have described above. In the real version[4], we
use only colors because same colors suggest same subtrees. The similar big disks
in Figure 6 are different and have 951 and 755 nodes, respectively. Figure 7 was
obtained by suppressing the two disks after inspection. We have only displayed
a similar part of the two subtrees. All these methods have been implemented in
Tulip [3] and work on real examples.
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